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Abstract. Let G be a bounded simply-connected domain in the com- 
plex plane C, whose boundary F :— dG is a Jordan curve, and let 
{p„}^Q denote the sequence of Bergman polynomials of G. This is 
defined as the sequence 

Pn{z) = Xnz" + ■ ■ ■ , An > 0, n = 0, 1, 2, . . . , 

of polynomials that are orthonormal with respect to the inner product 



{f,9) / f(z)giz)dAiz), 

JG 

where dA stands for the area measure. 

The purpose of this note is to report on recent results regarding the 
fine asymptotic behaviour of the the leading coefficients An, n £ N, and 
the polynomials p„{z), for z e f2 := C\ (G), in cases when the boundary 
F contains corners. These results complement an investigation started 
in the 1920's by T. Carleman, who obtained the fine asymptotics for 
domains with analytic boundaries and carried over by P.K. Suetin in 
the 1960's, who established them for domains with smooth boundaries. 

1. Introduction 

Let G be a bounded simply-connected domain in the complex plane, and 
let {pn}'^=o denote the sequence of Bergman orthogonal polynomials of G. 
These are defined as the sequence 

Pniz) = A„z" + Xn-iz"-^ + ■■■ , A„ > 0, n = 0, 1, 2, . . . , 

of polynomials which are orthonormal with respect to the inner product 



{f,g) := / fiz)giz)dA{z), 
JG 

where dA stands for the area measure. 

Let Q := C\G denote the complement (in C) of G and let $ denote the 
conformal map O — > A := {w : \w\ > 1}, normalized so that, near infinity, 

^>(z) =7z + 7o + ^ + ^ + --- , 7>0. (1) 

z z^ 

We note that I/7 gives the (logarithmic) capacity cap(r) of F := dG. 
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Our main task is to consider the asymptotic behaviour of the leading 
coefficients and the Bergman polynomials Pn{z), for z £ i}. 

2. Fine asymptotics and applications 

The first result regarding the fine asymptotics of A„ and pn was derived by 
T. Carleman, for domains bounded by analytic Jordan curves. In this case 
the conformal map $ has an analytic and one-to-one continuation across T 
into G. Below we use F/j to denote the level line {z : \^{z)\ = R} of the 
mapping 

Theorem 2.1. ([2]) If p < 1 is the smallest index for which $ is conformal 
in ext(rp), then 

n+l 72(n+l) 

— 1 — On, where < an < ci(r) p " 



vr A2 



and 



where 



Pn{z) = \l '^^^\z)^'{z){l + An{z)}, n € N, 



\An{z)\ < C2(r)V^/>", Z G Vt. 



(Here and in the sequel we use c(r), ciiV) and C2(r) to denote positive 
constants that depend only on F.) 

The next available result is due to P.K. Suetin and require that the bound- 
ary curve F belongs to a smoothness class. We say that F S C(p, a), for 
some p S N and < a < 1, if F is given by z = g(s), where s is the 
arclength, with g^'P^ S Lipa. Then, both <^ and ^ := are p times con- 
tinuously differentiable in \ {oo} and A \ {oo} respectively, with <1>^^) and 
^'(P) G Lipa. 

Theorem 2.2. (j6]) Assume that T e C{p + 1, a), with p + a > 1/2. Then 

„+1^2(n+l) ^ , „ . , 1 



1 — On, where < q;„ < ci(F) 



and 



where 



|A„(z)|<c2(F)J^, zea 



Apart from the above two results, the only other, of this kind, which are 
known are due to E.R. Johnston. However, Johnston's results are derived 
under analytic assumptions on certain functions associated to the conformal 
maps ^ and ^ (as compared to the geometric assumptions on F in Theo- 
rems 12.11 and 12. 2p and they do not provide the order of decay of the error 
terms an and An{z). (For an account of these results we refer the reader to 
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The lack of fine asymptotics for non-smooth boundaries, even for special 
cases, makes one to incline to think that they do no actually exists. This 
would have been the case with us, had we not have available plenty of 
numerical data. (This is essential, because we are not aware of a single 
case of non-smooth T for which the leading coefficients A^, n = 0,1,..., 
are known explicitly in terms of n.) Table [T] contains a range of computed 
values of the error term a„, for the case of a semi-disk. They were obtained 
after constructing the Bergman polynomials by means of the Gram-Schmidt 
process, and using the known exact value of 7. Having computed the values 

of On (and in view of the results of Suetin) we test the hypothesis ~ C — . 



n 


an 




s 


51 


0.003 263 458 678 






52 


0.003 200 769 764 





998 887 


53 


0.003 140 444 435 





998 899 


54 


0.003 082 351464 





998 911 


55 


0.003 026 369160 





998 923 


56 


0.002 972 384 524 





998 934 


57 


0.002 920 292 482 





998 946 


58 


0.002 869 952 027 





998 957 


59 


0.002 821401485 





998 968 


60 


0.002 774 426 207 





998 979 



Table 1 . The rate of decay of On for the unit semi-disk. 



The numbers in Table [J indicate clearly that ~ C - . The same be- 
haviour was observed in a number of other different non-smooth cases, with 
various angles involved. Accordingly, we have made conjectures regarding 
fine asymptotics in [1] and [5] . The main the purpose of this note is to report 
on results that verify these conjectures. 

To this end, we have the following: 

Theorem 2.3. Assume that T is piecewise analytic without cusps. Then, 

n + 1 72(n+l) 



vr XI 



where 



0<a„<c(r)-, nGN 
n 



Theorem 2.4. Assume that V is piecewise analytic without cusps. Then, 
for any z & Q, 



Pn{z) 



n + l 



TT 



$-(z)$'(z){l + A„(z)}, 
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where 

As applications, we report the following two theorems that refine well- 
known classical results, regarding the position of zeros and the weak (or n-th 
root) asymptotics of the sequence {pn(-2)}5^Li- The first complements Fejer's 
theorem which states that all the zeros of Pniz), n G N, are contained on 
the convex hull of G. The second extends the applicability of an important 
theorem of Stall and Totik, cf. [U Thm 3.3.1(ii)]. 

Theorem 2.5. Assume that T is piecewise analytic without cusps. Then, 
for any closed set E C ^l, there exists uq E N, such that for n > uq, Pn{z) 
has no zeros on E. 

Theorem 2.6. Assume that T is piecewise analytic without cusps. Then, 

hm K(z)|V" = |(i)(z)|, zgO\{oo}. 
n— >oo 
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